Abstract. Let ζ 5 be a primitive fifth root of unity and d = 1 be a quadratic fundamental discriminant not divisible by 5. For the 5-dual cyclic quartic field M = Q((ζ 5 − ζ
Introduction
The present article arose from the desire to generalize our results [1] for the second 3-class group Gal k (2) 3 /k of the bicyclic biquadratic field k = Q √ −3, √ d , which is the compositum of 3-dual quadratic fields k 1 = Q( √ d) and k 2 = Q( √ −3d) in the cubic reflection theorem, to the situation of the quintic reflection theorem.
The precise statement of both reflection theorems requires the concept of virtual units. Let p be a prime number and K be a number field with multiplicative group K × = K \ {0}, maximal order O, unit group U , fractional ideal group I, and p-class rank ̺ p . The quotient V p = I p / (K × ) p , where
is an elementary abelian p-group of rank σ p = ̺ p + dim Fp (U/U p ) and is called the p-Selmer group of non-trivial p-virtual units, that is, generators of principal pth powers of ideals of K. We refer to σ p as the p-Selmer rank of K.
Cubic reflection theorem.
It is well known that the 3-Selmer ranks σ 3 (k 1 ) and σ 3 (k 2 ) of 3-dual quadratic fields k 1 = Q( √ d) and k 2 = Q( √ −3d) (d > 0 square-free) with respect to the quadratic cyclotomic mirror field Q( √ −3) = Q(ζ 3 ), ζ 3 = exp(2πi/3), satisfy the cubic reflection theorem
which is a consequence of comparing the numbers of cyclic cubic extensions of k 1 and k 2 which are unramified outside 3 from the viewpoint of both, class field theory and Kummer theory. The invariant 0 ≤ δ ≤ 1 depends on the 3-virtual units of k 1 and k 2 . More precisely, we have (1.2) δ = 0, if V 3 (k 2 ) (imaginary) contains a 3-virtual unit which is not 3-primary, 1, if V 3 (k 1 ) (real) contains a 3-virtual unit which is not 3-primary. M of M . In §3, it is shown that the six unramified cyclic quintic relative extensions E i /M , 1 ≤ i ≤ 6, give rise to absolute extensions E i /Q which are either Frobenius or non-Galois. Using class number relations for the dihedral subextensions E i /k + 0 of E i /Q, we determine further constraints for the second 5-class group G (2) 5 M , the 5-class tower group G (∞) 5 M , and the length ℓ 5 of the 5-class tower in §4. The paper concludes with tables of concrete numerical realizations in §5 which underpin all theoretical statements and additionally reveal the statistical distribution of possible cases.
p-Principalization enforced by Galois action
The generating automorphism σ of a cyclic number field F/Q of degree d with Galois group Gal(F/Q) = σ acts on the class group Cl(F ) of F and thus also on the higher p-class groups G (n) p F with n ∈ N ∪ {∞}, for a fixed prime number p. When d and p are coprime, a remarkable restriction of the possibilities for the metabelian second p-class group M = G Definition 2.1. Let p be a prime number and G be a pro-p-group with finite abelianization G/G ′ . Suppose that d ≥ 2 is a fixed integer. G is said to be a σ-group of degree d, if G possesses an automorphism σ of order d whose trace
annihilates G modulo G ′ , that is, if there exists σ ∈ Aut(G) such that ord(σ) = d and
We show that an epimorphism with characteristic kernel preserves the property of being a σ-group of degree d.
Theorem 2.1. Let φ : G → H be an epimorphism of groups, whose kernel ker(φ) is characteristic in G. If G is a σ-group of degree d coprime to p, then H is also a σ-group of degree d.
Proof. If G is a σ-group of degree d, then there exists an automorphism σ ∈ Aut(G) of order ord(σ) = d such that
for all x ∈ G. According to [16, Th. 6.2] , there exists an induced automorphismσ ∈ Aut(H) such thatσ • φ = φ • σ. By induction we obtainσ n • φ = φ • σ n , for all n ∈ Z: let n ≥ 2 be an integer and assume thatσ n−1 • φ = φ • σ n−1 , then
Furthermore, (σ −1 )ˆ=σ −1 . Now let y ∈ H. Since φ is surjective, there exists x ∈ G with φ(x) = y, and we obtain, as required,
Corollary 2.1. In a descendant tree T of finite p-groups with edges π : G → πG, the property of not being a σ-group of degree d is inherited from the parent πG by the immediate descendant G.
Proof. The parent operator π : G → πG is the canonical projection from G onto the quotient πG = G/γ c G by the last non-trivial member γ c G, c = cl(G), of the lower central series (γ i G) i≥1 of G, and thus π is an epimorphism with characteristic kernel ker(π) = γ c G, whence Theorem 2.1 justifies the claim.
Remark 2.1. A σ-group G in the classical sense is a σ-group of degree 2 in the new sense, since
Such a group is also referred to as a group with generator inverting automorphism or briefly GI-automorphism. (ii) When the quadratic subfield k < F has a trivial p-class group, the groups G
p F with n ≥ 2 are simultaneously σ-groups of degree 2.
Proof. (i) The generating automorphism σ of F/Q annihilates the class group Cl(F ) when it acts by its trace
for all x ∈ Cl(F ). Of course, the same is true for all p-class groups Cl p (F ) with primes p. Finally, for any n ∈ N ∪ {∞}, we have the isomorphisms
(ii) When the unique (real) quadratic subfield k < F has trivial p-class group Cl p (k) = 1, the relative automorphism τ = σ 2 ∈ Gal(F/k) with order 2 acts by inversion on Cl p (F ), since
and thus
Remark 2.2. A pro-p-group G with finite abelianization G/G ′ is called a strong σ-group if it possesses an automorphism σ of order 2 which acts as inversion on both cohomology groups H 1 (G, F p ) and H 2 (G, F p ). We emphasize the following two facts:
• An epimorphism does not necessarily preserve the property of being a strong σ-group.
• Whereas the group G (∞) p F of a quadratic field F is a strong σ-group, according to Schoof [19, Lem. 4 .1, p. 217], this is not necessarily the case for a cyclic quartic field F . See for instance the unusual cases in Theorem 4.5.
In view of our special situation with p = 5, F = M , Cl 5 (M ) = (5, 5) and k = k + 0 , we tested finite metabelian 5-groups G with G/G ′ ≃ (5, 5) of order |G| = 3125 = 5 5 and coclass cc(G) = 2, for the property of simultaneously being a σ-group of degree 4 and degree 2. These groups are crucial contestants for second 5-class groups G Table 1 , the groups are characterized by their identifiers according to James [8] and the SmallGroups Library [2] . An asterisk * marks a Schur σ-group, and a flag f ∈ {0, 1} indicates a σ-group of simultaneous degrees 4 and 2. 
which is a σ-group of degree 4 is either of coclass cc(G) = 1 or isomorphic to one of the two Schur σ-groups 3125, i with i ∈ {11, 14} or isomorphic to a descendant of one of the capable groups 3125, i with i ∈ {3, 4, 5, 6, 7}.
Proof. Using permutation representations, we compiled a program script in Magma [12] for testing whether an assigned 5-group G with G/G ′ ≃ (5, 5) is a σ-group of degree 4.
3. Frobenius and non-Galois unramified 5-extensions 3.1. On the cyclic quartic fields M . Let ζ 5 be a primitive 5th root of unity, then the irreducible polynomial of ζ 5 is given by Irr Q (ζ 5 ) = X 4 + X 3 + X 2 + X + 1, and Gal(Q(ζ 5 )/Q) = µ is a cyclic group of order 4 which admits one subgroup µ 2 of order 2. By Galois correspondence, this subgroup corresponds to Q(ζ 5 )
) is a normal extension over Q of degree 8, and the Galois group is
This is an abelian group of type (2, 4) which has six proper subgroups ordered as follows :
Note that the subgroups H 1 , H 3 , H 5 are cyclic of order 2, the subgroups H 2 , H 4 are cyclic of order 4, and the group H 6 is bicyclic of order 4. (See Figure 2. )
We consider the field M fixed by the subgroup τ µ 2 . Then M is a cyclic quartic field and can be generated by adjunction M = Q(α) of
to Q. With respect to the quartic cyclotomic mirror field k 0 = Q(ζ 5 ), M satisfies the quintic reflection theorem (Equation (1.3) ).
Lemma 3.1. (i) Let K be a number field and F/K be a cyclic quartic extension. Then there exist n, e and f = 0 in K such that
(ii) Conversely, if there exist numbers n, e and f = 0 in K which satisfy the conditions (1), (2) and (3), then F/K is a cyclic quartic extension and the polynomial P (X) = X 4 −2eX 2 +(e 2 −f 2 n) is irreducible over K. In fact, F is the splitting field of P (X).
Proof. (i) It is known that the group Z/4Z has a single subgroup of order 2. By Galois theory, there exists a corresponding intermediary field R of the cyclic quartic extension F/K. Thus we can find n ∈ K, which is not a square in K, such that R = K( √ n). Since F is a quadratic extension of R, there exists α ∈ F such that α 2 = e + f √ n ∈ R with e, f ∈ K, f = 0, and F = R(α). Thus we have K(α) = F , because α ∈ R. Furthermore, it is obvious that the minimal polynomial of α is P (X) = X 4 − 2eX 2 + (e 2 − f 2 n) and the splitting field of P (X) over Q is F . The discriminant of P is given by
Therefore the Galois group Gal (F/K) can be seen as a subgroup of the permutation group of the roots of P (X), which is isomorphic to S 4 , and cannot be injected into A 4 , since the group A 4 does not have a cyclic subgroup of order 4. We conclude that the discriminant is not a square in K, whence K e 2 − f 2 n /K is of degree 2 and is contained in F . It follows that
is a square in K. Consequently, we see that n e 2 − f 2 n = n 2 e 2 −f 2 n n is a square in K.
(ii) Conversely, let
with n, e, f ∈ K, f = 0, such that the conditions (1), (2) and (3) are satisfied. Since α is a root of
and by (2) we conclude that n is a square in K, which is a contradiction. So [F : K] = 4, and this enforces that P (X) is the minimal polynomial of α. From the fact
we conclude that F is the splitting field of P (X) over K. Moreover, F is normal and #Gal (F/K) = 4. Now we prove that Gal (F/K) is cyclic of order 4. If the Galois group Gal (F/K) were isomorphic to V 4 , then the discriminant would be a square in K. This would imply that n were a square in K, which is a contradiction. 
to the rational, whence M is complex for d > 0 and M is real for d < 0. For the construction of M one can therefore use the minimal polynomial of α over Q, which is given by
Remark 3.1. The conductor c(M ) and the discriminant d(M ) of M are given by
3.2. Imaginary cyclic quartic fields M with d > 0. In the following, the two Frobenius groups F 5,w of order 20 with primitive root w ∈ {2, 3} modulo 5 will be denoted by
where ι| M = µ| M . 
more generally, of 5-class rank 2. The properties of these fields as absolute extensions E i /Q, in dependence on the eight cases in Table 2 , are given as follows:
(1) In cases (a) and (g), all six fields E 1 , . . . , E 6 are normal and share isomorphic automorphism
(2) In cases (b) and (h), all six fields E 1 , . . . , E 6 are normal and share isomorphic automorphism groups Gal(E i /Q) ≃ F 5,3 for i = 1, . . . , 6.
(
3) In all the other cases (c), (d), (e), (f), two extensions are normal with non-isomorphic automorphism groups, say
but the other four extensions are non-Galois and form two conjugate pairs E 3 ≃ E 4 and E 5 ≃ E 6 . Table 2 . All possible 5-class ranks r 1 := ̺ 5 (k 1 ), r 2 := ̺ 5 (k 2 ) and invariants δ 1 , δ 2 for the associated quadratic fields k 1 , k 2 which are 5-dual to an imaginary cyclic quartic field M = Q((ζ 5 −ζ
Proof. According to the quintic reflection theorem [9] , the assumption r = 2 implies that one of the eight disjoint cases in Table 2 is satisfied. In case (a), the 5-Selmer group of k 1 is given by
In virtue of δ 1 = 0, E 1 and E 2 are unramified cyclic quintic extensions of M . According to [9, 
In case (b), the 5-Selmer group of k 2 is given by
. In virtue of δ 2 = 0, E 1 and E 2 are unramified cyclic quintic extensions of M . According to [9, p. 17 
Exemplarily, we consider case (d). Then the 5-Selmer groups of k 1 and k 2 are given by
Then, in virtue of δ 1 = δ 2 = 0, E 1 and E 2 are unramified cyclic quintic extensions of M . According to [9, p. 17 , l. 9-23],
Let L := E 1 · E 2 be the compositum. Then E/M is also an unramified cyclic quintic extension, for any proper subextension E of L/M distinct from E 1 and
. This is a contradiction to Gal(E 2 /Q) ≃ F 5,3 . In the same manner, the assumption that Gal(E/Q) ≃ F 5,3 leads to a contradiction. Therefore E/Q must be a non-Galois extension.
3.3.
Infinite family of imaginary cyclic quartic fields M whose 5-rank is at least 2. As before, let d = 1 be a square-free integer prime to 5, and let
where N k , Tr k are the norm map and the trace map of k/Q. The minimal splitting field of f (X, γ) is noted by K γ . Furthermore, M. Imaoka and Y. Kishi [7] , have characterized all F 5,wextensions with w ∈ {2, 3} as K γ for a suitable elements γ ∈ k i with i ∈ {1, 2}. If
. Now, we consider the real quadratic fields
, where the pair of integers (α, β) ∈ N × N such that α ≥ 2, β ≥ 2 satisfies the simultaneous conditions 
, where α, β satisfy the conditions (3.5). Then the 5-rank of the class group of M is greater than or equal to 2.
Proof. Let
be an element of
According to [10, Ex. 3.5, p . 489], ǫ 1 and ǫ 2 are units of k 1 and k 2 , respectively. They satisfy the conditions
By applying [10, Th. and K ǫ2 are two different absolute Galois F 5 -extensions, unramified over M ; it suffices to show that ǫ 2 1 , resp. ǫ 2 , cannot be the fifth power of an element of k 1 , resp. k 2 .
According to [18, Lem. 1, p. 16 ], we have the following general fact: Let p be a prime number and ξ be an element of Q( 
Moreover we have,
Since α ≥ 2 and β ≥ 2, it follows that u ≥ 3, whence φ(u) = u 4 − 8u 2 − 16u + 16 is positive. Thus we get α + β < 
, where the integers α, β satisfy the conditions (3.5). Let ϕ denote the generator of Gal Q(
Assume that the 5-class group Cl 5 (M ) of M is of type (5, 5) . Then M
5 /M contains six unramified cyclic quintic extensions E i /M , which give rise to absolute extensions of degree 20 over Q, ordered the following way: Proof. The claims are a consequence of Proposition 3.2, the ormulas of (3.6) and the fact that Tr Q(
Remark 3.3. For d > 0, if the fundamental units of the real quadratic fields k i , i = 1, 2, are 5-primary, then the field M has a non-Galois unramified cyclic quintic extension of Type (III) [9] . In this case, there are four pairwise conjugate extensions of Type (III), and among the remaining two Frobenius extensions one is of Type (I) and one is of Type (II) [9] . Note that in the case d > 0 the cyclic quartic field M is imaginary. Also, if 5 divides the class number of k i , i = 1, 2, there exists at most one 5-primary element of k i , i = 1, 2, which gives rise to the Frobenius extensions of Type (I) and Type (II).
3.4.
Real cyclic quartic fields M with d < 0. As before, the two Frobenius groups F 5,w of order 20 with primitive root w ∈ {2, 3} modulo 5 will be denoted as in formula (3.4).
Proposition 3.3. Let E 1 , . . . , E 6 be the six unramified cyclic quintic extensions of the real cyclic 
Proof. Similar to the proof of Proposition 3.1.
4. The second 5-class group G
5 M of M Based on the class number formula [11] for dihedral relative extensions E of degree 10 over a base field F with class number coprime to 5, we are now in a position to determine the isomorphism type of the Galois group G 
, is given by 
where h 5 (M ) = 25, due to our general assumption on M . Distinction between total principalization, # ker(j Ei/M ) = 25, and partial principalization, # ker(j Ei/M ) = 5, immediately yields the four claimed cases, in dependence on the unit norm indices u i := (U k 
for the subfield unit index a, where K = K ′ denote two conjugate non-Galois subfields of L.
Since p ≥ 3 is an odd prime and the existence of an unramified cyclic extension L/k of degree p excludes the irregular case p = 3, F = Q, k = Q( √ −3) with h k = 1, either both fields k and F contain the pth roots of unity or both not. Therefore,
with the torsion-free Dirichlet unit ranks r(k) of k and r(F ) of F . For an unramified extension L/k, the Theorem on the Herbrand quotient of U L is equivalent with # ker(j L/k ) = p · b with
which we have used for p = 5,
Proof. For G 
Proof. According to Lemma 4.1, we can deduce that
, where b i denotes the unit norm index U M : N Ei/M (U Ei ) . Since d > 0, the field M is imaginary and it is a CM-field with maximal real subfield M + = k + 0 . Hence, the torsion-free Dirichlet unit rank of M is r(M ) = 1, and U M = −1, ǫ 5 , where ǫ 5 denotes the fundamental unit of the quadratic field k
. This implies that
and a i b i = u i .
(1) To prove the first assertion, it suffices to show the following equivalence:
So it suffices to show that the fundamental unit ǫ 5 of k + 0 , which is also the fundamental unit of M , is the norm of a unit of E i if and only if it is the norm of a unit of L i . If u i = 1, for i ∈ {1, . . . , 6}, then ǫ 5 is the norm of a unit of L i (a non-Galois subfield of E i ), hence it is also the norm of the same unit in E i , and b i = 1. Now suppose that b i = 1, for 1 ≤ i ≤ 6. Then there exists a unit ξ ∈ U Ei such that ǫ 5 = N Ei/M (ξ), and we obtain the following chain of implications:
Since the element ǫ In both cases, the class number formula is given by h 5 ( Proof. Assume that G is non-abelian of coclass cc(G) = 1. Then the possible capitulation types of M in the six intermediary cyclic quintic extensions of M (2) 5 /M , noted by
First we consider the type κ(G) = (111111). In this case, the group G is the extra special 5-group of order 5 3 and exponent 5 2 , whose maximal normal subgroups are of order 5 2 . This implies that the 5-class number of each E i is equal to 5 2 . Using Proposition 4.1, however, we conclude that the valuation v 5 (h 5 (E i )) of the 5-class number of E i must be odd, which is a contradiction. Thus the type κ(G) = (111111) cannot occur.
For the three other types, we have total capitulation in the five extensions
, so the value of the index b i , 2 ≤ i ≤ 6, is b i = 5, whence u i = 5. On the other hand, for 2 ≤ i ≤ 6 we again have h 5 (E i ) = 5 2 , which is a contradiction, since by Proposition 4.1, the valuation v 5 (h 5 (E i )) must be odd. Proof. See Tables 4 and 5 . Proof. In each case, the length of the 5-class tower of M is given by ℓ 5 (M ) = 2, since G := G
5 M is a Schur σ-group with balanced presentation, i.e., relation rank
Examples for part (1) 
Proof. In each case, the length of the 5-class tower of M is given by ℓ 5 (M ) = 2, since G := G 5 , 4 and 5 5 , 7 are unusual, because they are not strong σ-groups and thus are forbidden for (imaginary and real) quadratic base fields [19] .
Examples for part (1 ) (1), (2) . For the nearly constant type κ(M ) = (022222), the first (resp. second) Frobenius extension E 1 (resp. E 2 ) corresponds to the single total capitulation (resp. the single fixed point). 
and 
and in this case the subfield unit index
Proof. Since d < 0, the field M is totally real, and the Dirichlet rank of its torsion-free unit group is given by r(M ) = 3. Proof. In this case, the group G is extra special of maximal class. Thus, the possible types of capitulation are (111111) and (000000). First, we know that the type (111111) is not possible, because in this case h 5 (E i ) = 5 2 and b i = 1, which contradicts claim (2) of Proposition 4.3. Thus, the transfer kernel type of G is κ(G) = (000000).
On the other hand, for all 1 ≤ i ≤ 6, the unit norm index is b i = 5, and u i must be equal to 1. Otherwise, the Lemmermeyer class number formula [11, Th. 4 and the group G is abelian, which is a contradiction. Proof. See Tables 6, 7 and 8. 
then the 5-tower group is the mainline group G
Proof. In each case, the length of the 5-class tower of M is given by ℓ 5 (M ) = 2, according to Blackburn [3] , since G := G
5 M is a σ-group with at most two-generated commutator subgroup G ′ ∈ {1, 1 2 }. The presentation of G is not balanced, since the relation rank d 2 (G) ∈ {3, 4} is too big. However, the Shafarevich Theorem [20] Table 4 , resp. Table 5 , shows the factorized fundamental discriminant d of the dual quadratic field k 1 , the 5-principalization type κ = κ(M ), the second 5-class group G (2) 5 M , the length ℓ 5 M of the 5-class tower, the 5-class ranks r 1 := ̺ 5 (k 1 ), r 2 := ̺ 5 (k 2 ), the invariants δ 1 , δ 2 , and the case in Proposition 3.1 for the 37, resp. 46, cyclic quartic fields M = Q (ζ 5 − ζ −1
)
√ d with 0 < d < 5000, resp. 5000 < d < 10000. For the fields with constant 5-principalization type, consisting of partial kernels, we have a polarization of the target type whose abelian invariants can be either homogeneous (1 5 ) or inhomogeneous (21 3 four groups, which possess relation rank d 2 = 4, are forbidden as 5-class tower groups for imaginary cyclic quartic fields with unit rank 1. Therefore, the length of the 5-class tower must be ℓ 5 M ≥ 3 at least, and we conjecture a precise three-stage tower ℓ 5 M = 3.
The complete statistics of the 83 imaginary cyclic quartic fields M with 0 < d < 10 4 is as follows:
-There are 23 (about 28%) cases with G
5 M ≃ 5 5 , 11 , the Schur σ-group with transfer kernel type a 4-cycle.
-There are 22 (about 27%) cases with G -There are 16 (about 19%) cases with G
5 M ≃ 5 5 , 7 .
-There are 11 (about 13%) cases with G
5 M ≃ 5 5 , 14 , the Schur σ-group with transfer kernel type the identity permutation.
-For only 4 cases we have G (2) 5 M ≃ 5 7 , 885 .
-For 2 cases G
5 M ≃ 5 7 , 891|894|897 .
5 M ≃ 5 2 , 2 , the elementary bicyclic 5-group of rank 2.
5 M is a descendant of 5 5 , 3 indicated by the symbol ↓. -The last three groups have the biggest order 5 9 and coclass 4. They posses relation rank d 2 = 5, which clearly enforces ℓ 5 M ≥ 3 by the Shafarevich Theorem. Again, we conjecture the equality ℓ 5 M = 3.
Furthermore, we point out that the groups 5 5 , 4 and 5 5 , 7 with relation rank d 2 = 3 are not strong σ-groups in the sense of Schoof [19] . They are forbidden as 5-class tower groups for any quadratic field, imaginary or real. However, they are admissible for our imaginary cyclic quartic fields M with unit rank 1, since the subfield k + 0 = Q( √ 5) also possesses unit rank 1, and so a strong σ-group is not required.
5.2.
Real cyclic quartic fields M with d < 0. Table 6 , resp. Table 7 , resp. Table 8, shows the factorized fundamental discriminant d of the dual quadratic field k 1 , the 5-principalization type κ = κ(M ), the 5-class tower group G (∞) 5 M , the length ℓ 5 M of the 5-class tower, the 5-class ranks r 1 := ̺ 5 (k 1 ), r 2 := ̺ 5 (k 2 ), the invariants δ 1 , δ 2 , and the case in Proposition 3.3 for the 38, resp. 38, resp. 17, cyclic quartic fields M = Q (ζ 5 − ζ 
5 M of any cyclic quartic field M , as drawn in Figure 4 . 
